Abstract. In this paper we characterize the Banach spaces with the UMD property by means of L p -boundedness properties for the imaginary powers of the Hermite and Laguerre operators. In order to do this we need to obtain pointwise representations for the Laplace transform type multipliers associated with Hermite and Laguerre operators.
Introduction
A Banach space B is said UMD when, for some (equivalently, for any) 1 < p < ∞ the Bvalued Hilbert transform defined on L p (R) ⊗ B can be extended as a bounded operator on the Bochner-Lebesgue space L p B (R) (see [7] and [8] ). Characterizations of the UMD spaces involving L p -boundedness properties for singular integral operators or g-functions have been established by several authors ( [1] , [12] , [14] , [15] , [16] and [29] ). More concretely, UMD Banach spaces are described by means of the L p -boundedness of the imaginary powers of Laplacian in [12] . Our objective in this paper is to characterize the UMD Banach spaces as those Banach spaces B for which the imaginary powers L iγ , γ ∈ R, of L can be extended to L Suppose that Ω ⊂ R n , µ is a positive measure on Ω, L is a second order linear differential operator defined on C 2 (Ω) and, for every k ∈ N, ϕ k ∈ L 2 (Ω, µ) is an eigenfunction of L associated with ν k ∈ (0, ∞), that is, Lϕ k = ν k ϕ k . Assume also that {ν k } k∈N ↑ ∞ and that {ϕ k } k∈N is an orthonormal basis in L 2 (Ω, µ). We define the operator L as follows
where, for every k ∈ N and f ∈ L 2 (Ω, µ), c k (f ) = Ω f (x)ϕ k (x)dµ(x) and
L is a self-adjoint and positive operator. If m : {ν k } k∈N −→ C is bounded we define the spectral multiplier T L m for the operator L by
It is clear that T L m is a bounded operator from L 2 (Ω, µ) into itself. The semigroup of operators generated by −L in L 2 (Ω, µ) is {W L t } t>0 , where, for every t > 0, W L t is the spectral multiplier defined by
Following [24] we consider the Laplace transform type spectral multipliers associated to the operator L. We say that a continuous function m on (0, ∞) is of Laplace transform type when it is given by (3) m(λ) = λ
where φ ∈ L ∞ (0, ∞). Note that m is also a bounded measurable function on (0, ∞). Then, the so called Laplace transform type spectral multiplier T L m is bounded in L 2 (Ω, µ). In [24, Corollary 3, p. 121] it was established that if {W L t } t>0 is a symmetric diffusion semigroup ( [24, p. 65] ) the Laplace transform type spectral multiplier T L m is bounded from L p (Ω, µ) into itself, for every 1 < p < ∞. Many authors have analyzed L p -boundedness properties for Laplace transform type spectral multipliers in different settings (see, for example, [3] , [5] , [10] , [11] , [13] , [18] , [22] , [24] , [26] and [30] ).
A remarkable particular case of Laplace transform type spectral multiplier is the imaginary power L iγ , γ ∈ R, defined as usual by L iγ = T L mγ , where, for every γ ∈ R, m γ represents the function of Laplace transform type given by (3) , with φ(t) = φ γ (t) = (Γ(1 − iγ))
In this paper we consider two differential operators:
• The Hermite (harmonic oscillator) operator
• The Laguerre operator
To simplify the calculations we consider the Hermite operator on R. The same results can be established in higher dimensions.
In the sequel we represent by L (respectively, (Ω, µ)) one of the operators
In order to establish our characterization of the UMD Banach spaces we need to prove pointwise representations for the Laplace transform type spectral multipliers as principal value integral operators. Theorem 1.1. Let m be a function of Laplace transform type and φ ∈ L ∞ (0, ∞) connected with m by (3) 
Moreover, the limit in
The version of Theorem 1.1 for the Ornstein Uhlenbeck operatorÕ = − Our characterization of the UMD spaces is the following. Theorem 1.2. Let B be a Banach space. B is UMD if and only if, for some (equivalently, for any) 1 < p < ∞ and every γ ∈ R, the imaginary power
The paper is organized as follows. In Section 2 we prove our results for the Hermite operator. In order to do this we take advantage from the closed connection existing between the OrnsteinUhlenbeck and Hermite settings in the corresponding L 2 spaces (see [1] ). The results for Laguerre operators are shown in Section 3. We exploit some relationships between the Laplace transform type multipliers in the Laguerre and Hermite contexts. Estimates shown in Proposition 3.1 are the key of our technique. There, we compare the kernels K Lα φ and K H φ in a local region, close to the diagonal, and also find adequate bounds for both kernels in the global zone, i.e., outside the local region. This estimations allow us to transfer the results from the Hermite to the Laguerre cases. This method was first developed by Betancor et al. in [4] .
Throughout the paper by C and c we represent positive constants that can change from one line to another. Also, when µ = dx, we simply write L p (Ω).
Proof of the results in the Hermite setting
In this section we show Theorems 1.1 and 1.2 in the Hermite context. The Hermite operator is defined by
We have that Hh k = λ k h k , where, for every k ∈ N, λ k = k + 1/2 and h k denotes the k-th Hermite function given by
H k being the k-th Hermite polynomial ( [27] ). The system {h k } k∈N is an orthonormal basis in L 2 (R). We define the operator H by (1) . Note that Hf = Hf , when f ∈ C ∞ c (R), the space of smooth functions with compact support on R.
The semigroup of operators {W
where
, x, y ∈ R and t > 0.
Suppose that m is a function of Laplace transform type given by (3) . We define the spectral multiplier
where c
2.1. Proof of Theorem 1.1 for the Hermite operator. We consider the one dimensional Ornstein-Uhlenbeck
2 h k , x ∈ R, is the k-th normalized Hermite polynomial ( [27] ). We define the operator O by (1) . The semigroup of operators {W 
2 dx) and we consider m(0) = 0.
In order to study the operator T 
We can write
, and
Since the semigroup {W
To justify the above manipulations we observe that
Hence, we get
Then, by [21] and [23] , A φ is bounded from L p (R, e −x 2 dx) into itself, 1 < p < ∞, and from
2 dx).
According to [11, Theorem 4 .1] (7) and (8)
dy , a.e. x ∈ R, and, if the limit
where ϕ(t) = e −t/2 φ(t), t > 0, and
We conclude that
It is clear that, for every f ∈ L 2 (R),
By taking into account that W (10) and (11) we deduce that, for every f ∈ L 2 (R),
and, if the limit lim t→0 + φ(t) = φ(0 + ) exists, then
The kernel function K H φ is a standard Calderón-Zygmund kernel.
and
(1 − e −2t ) 3/2 , x, y ∈ R and t > 0.
Then, by making the change of variables t = log(
In the last inequality we have used that for every a > 0 and b ≥ 0, there exists c > 0 such that
By proceeding in a similar way (15) can be shown.
Calderón-Zygmund theory for singular integrals implies that the limits in (12) and (13) 
. Thus the proof of Theorem 1.1 for the Hermite operator is finished.
2.2.
Proof of Theorem 1.2 for the Hermite operator. Let B be a Banach space and φ ∈ L ∞ (0, ∞). By using (9), (10) 
2 dx) into itself, for every 1 < p < ∞, we can deduce the next property.
Lemma 2.1. Let B be a Banach space, φ ∈ L ∞ (0, ∞) and 1 < r < ∞. The following assertions are equivalent.
(
The multiplier T H m can be defined on L p (R) ⊗ B, for every 1 ≤ p < ∞, in a natural way by using (12) . Next property follows from (11). Lemma 2.2. Let B be a Banach space and m a function of Laplace transform type. The following assertions are equivalent.
λ ∈ (0, ∞), we have that
In the following, we characterize UMD spaces by the imaginary powers H iγ and O + (ii) For some (equivalently, for every) 1 < p < ∞ and for every γ ∈ R, O + (iii) For some (equivalently, for every) 1 < p < ∞ and for every γ ∈ R,
Proof. According to [12] , B is a UMD space if and only if the imaginary power L iγ can be extended to L p B (R) as a bounded operator from L p B (R) into itself for some (equivalently, for any) 1 < p < ∞ and for every γ ∈ R, where
According to Lemma 2.1, in order to prove this it is sufficient to show that if γ ∈ R and 1 < p < ∞ the following assertions are equivalent:
We define the operator
The operator L iγ satisfies the conditions [11, (a) Also, we consider the operator
We are going to see that the operator
for certain Λ ∈ L ∞ (0, ∞), where ϕ γ (t) = e −t/2 φ γ (t), t > 0,
and W t (x, y) = e
/ √ 2πt is the kernel of the heat semigroup associated to L. By making some manipulations we obtain
(1 − e −2t ) 3/2 e − (e −t x−y) 2 1−e −2t
1−e −2t , x, y ∈ R and t > 0,
t , x, y ∈ R and t > 0.
Note firstly that,
Fix M > 0. If |x| ≥ 1 and |x − y| ≤ M/|x|, then |x| ∼ |y| and
Also, if |x| ≤ 1 and |x − y| ≤ M , then |y| ≤ M + 1. Hence, we deduce that
provided that x, y ∈ R and |x − y| ≤ M min{1, 1/|x|}.
We can write, for every x, y ∈ R,
(1 − e −2t ) 3/2 e − (e −t x−y) 2
On the other hand, we have that e (x−y) 2 2t
≤ Ce
((x − y) 2 + |x||x − y| + t|x| 2 ), x, y ∈ R, t > 0. (19) By using (19) and [14, (1 − e −2t ) 3/2 e − (e −t x−y) 2 1−e −2t
Hence, by using [25, Lemma 1.1], it follows that
(1 − e −2t ) 3/2 e
Also we have that
2 , x, y ∈ R and 0 < t < 1.
The estimations (19) , (21) 
≤ C e −t/2 e −t (e −t x − y)(x − e −t y)
((x − y)
, (x, y) ∈ N 2 and 0 < t < 1.
Then, by using again [25, Lemma 1.1] we obtain
By combining (16), (17), (18), (20) and (22), since there exists M > 0 such that
It is not hard to see that
According to [11, Lemma 3.6 
On the other hand, by proceeding as in the proof of [11, Theorem 3 .8] we have
and from [23] (see also [20] ) we deduce that
We conclude that T For every R > 0 we define f R (x) = f (Rx), x ∈ R. Mote that, for every R, ε > 0,
and, if a > 0 there exists R a > 0 such that
Let a > 0. There exits R a ∈ N such that, for every R ≥ R a , R ∈ N,
for a certain Λ ∈ L ∞ (0, ∞). Moreover, by extending the Fourier transformation to C ∞ c (R) ⊗ B in a natural way, we can write, for every R > 0,
Hence, we have that
By taking a → ∞ we conclude that L iγ can be extended to L p B (R) as a bounded operator from L p B (R) into itself, and (i ) is proved.
(ii) ⇐⇒ (iii). Assume that the operator
into itself, for every 1 < q < ∞. Hence, the equivalence (ii) ⇐⇒ (iii) follows from Lemma 2.2.
Proof of the results in the Laguerre settings
Let α > −1/2. We consider the Laguerre differential operator L α given by (2) . By using the Mehler formula ([28, p. 8]), for every t > 0 and 1 ≤ p ≤ ∞, the operator W I α 2xye
1+e −2t
1−e −2t .
Here I α denotes the modified Bessel function of the first kind and order α.
As it was mentioned in the introduction, in order to prove Theorems 1.1 and 1.2 for the Laguerre operators we exploit some connections between Hermite and Laguerre settings. This link is shown in the property (d) of the following proposition. Next, we establish estimates for the kernels K 
(max{x,y}) α+3/2 , 0 < y < x 2 or 0 < 2x < y.
Proof. (a) We have only to take into account (14) and observe that |x−y| ∼ y, when y > 2x > 0, and that |x − y| ∼ x, provided that 0 < y < L(x, y) = t > 0 : e −t xy
1 − e −2t ≤ 1 , R(x, y) = t > 0 :
These regions play an important role when estimating the modified Bessel function I α . By using [6, (3.4) and (3.5)] the asymptotics for I α allow us to write
To estimate the first integral we observe that t ∼ 1 − e −2t , as t → 0; that, for certain c > 0, 1 − e −2t ≥ c, when t > 1; and that, as it was mentioned before, for every a > 0 and b ≥ 0, there exists c > 0 for which u b e −au ≤ c, u > 0. Thus, by using again [25, Lemma 1.1],
On the other hand, by making the change of variables t = log( 
Here we have again made use of [25, Lemma 1.1] and that |x − y| ∼ x, when 0 < y <
, and L(x, y) and R(x, y) as before. By [6, (3.4) ,(3.6) and (3.13)] we can write
The two first integrals can be estimated by proceeding as in (c) (see (24) ). Observe that the second one is exactly the first one for α = −1/2. On the other hand, 
we obtain
To justify the last equality let us denote by Φ(t) =
Observe that, for every t > 0,
Let t > 0. For every |h| < t 2 we get that
Thus we obtain that
. (25) Moreover, is there exists the limit lim t→0 + φ(t) = φ(0
, by using partial integration and by taking into account well known properties of Hermite and Laguerre functions ( [28] ), we can show that, for every k ∈ N there exists C k > 0 such that
Hence, by interchanging the order of integration we get Our objective now is to establish that T * ,Lα m is a bounded operator from L p (0, ∞) into itself, when 1 < p < ∞ and from L 1 (0, ∞) into L 1,∞ (0, ∞). Since Λ is a bounded function it is sufficient to establish the result for is bounded from L p (R) into itself, for every 1 < p < ∞, and from L 1 (R) into L 1,∞ (R). Then, according to Proposition 3.1, (a) and (b), and using again [9, Lemmas 3.1 and 3.2], we infer that the operator T * ,H m,loc is bounded from L p (0, ∞) into itself, for every 1 < p < ∞, and from 
